Suppose that N is an isolating neighborhood for S with respect to a continuous map f which decomposes into a disjoint union of nitely many compact sets. We establish a relationship between the Conley indices of subsets of S which appear in a natural way when studying the behavior of f from the viewpoint of symbolic dynamics. The relationship is then used to prove a simple criterion for chaos in an isolated invariant set.
Introduction
The Conley index has been an important tool in the study of the qualitative properties of dynamical systems. Recently K.Mischaikow and M. Mrozek 4] observed that it can be applied for the study of chaotic behavior of a dynamical system on an isolated invariant set. The assumptions of the criterion for chaos proved there were successfully checked in the case of the Lorenz equations by means of numerical computations 3] . The aim of this paper is to provide another method of detecting chaos based on the Conley index.
Let S be an isolated invariant set with respect to a map f : X ! X, which admits an isolating neighborhood N decomposing into a disjoint union of compact sets N 1 , N 2 , . . . N k . The fundamental question one encounters when dealing with the dynamics of f on S is whether for a given sequence = ( 0 ; 1 ; : : : ; l?1 ) of members of f1; 2; : : : ; kg there exists an x 2 S such that f i (x) 2 N (i mod l) for each nonnegative integer i. If the answer is a rmative for su ciently many sequences then there exists a semiconjugacy de ned on S onto the phase space of the one-sided shift on k symbols, which can be treated as a lower bound for the complexity of the dynamics of f on S. Our approach to this question is based on the observation that the answer to the question is a rmative if and only if Since the set on the left-hand side is an isolated invariant set with respect to f l , its Conley index is de ned. Furthermore, if the index is nontrivial then the set is nonempty. We conclude that for the study of the dynamical behavior of f on S, it is important to know the relationship between those Conley indices for di erent sequences . We shall give such a relationship and apply it to prove a simple criterion for chaos.
Preliminaries
N, Z, Z + and Q will stand for the sets of natural, integer, nonnegative integer and rational numbers, respectively. For a pair (Q 1 ; Q 0 ) of compact subsets of a topological space by Q 1 =Q 0 we shall denote the topological space resulting from Q 1 when the points of Q 0 are identi ed to a single point denoted by Q 0 ]. If X is a metric space then there exists a metric on the quotient space Q 1 =Q 0 which is compatibile with the quotient topology. Therefore, quotient spaces of this form will be treated as metric spaces.
V and V G will denote the categories of vector spaces and graded vector spaces over a xed eld F. Htop will stand for the category of pointed topological spaces whose morphisms are homotopy classes of basepoint preserving continuous maps. In order to simplify the notation, for a map g of pointed topological spaces by g we shall also denote its homotopy class. By H we mean a cohomology functor with coe cients in F. The 
Notation and main results
Let X be a locally compact metric space and f : X ! X a continuous map. N will denote an isolating neighborhood for an isolated invariant set S with respect to f, decomposing into a disjoint union of compact sets N i , i = 1; 2; : : : ; k. For a set Z f1; 2; : : : ; kg we put
By we denote the set of all subsets of f1; 2; : : : ; kg. In the sequel, we shall write S for Inv f lN . The following theorem relates the Conley indices of these sets and shows that, in fact, they are determined by a nite number of data. The proof will be given in the next section. Now, consider the simplest case, k = 2. Then, N is a disjoint union of two compact sets N 1 and N 2 . Suppose that the Conley index of S is trivial and the Conley index of the invariant part of N 1 is equal to the index of a hyperbolic xed point (note that the standard Smale's horseshoe satis es these assumptions -see 6]). In 4] it is conjectured that under the above assumptions there exists a semiconjugacy de ned on S onto the phase space of the shift map. We shall prove an extended version of this conjecture, giving also some lower bound for the number of periodic orbits of f in S. In order to state it, we need the following de nition. The asymptotic dimension of (V; '), denoted by adim(V; ') is de ned as dim im ' M .
We have the following proposition, which will be proved in section 4. If, in addition, X is an ENR, F = Q and adim h q (Inv f N 1 ; f; X) = 0 for each q 6 = r then h and s can be chosen in such a way that each periodic sequence in + is an image of a periodic point of f s with the same principal period.
As it can be seen, the above theorem provides information about the behavior of some iteration of f rather than about f itself. Roughly speaking, this is caused by the fact that its assumptions provide only a partial information about the ' i endomorphisms which appear in theorem 2.1. Thus, a possible method of reducing s to 1 is to nd these endomorphisms (we note that the proof of theorem 1.1 explains how to do this). Alternatively, one can use a re nement of the Conley index which takes into account the existence of a decomposition of the isolated invariant set into a number of compact subsets. A de nition of such an index is given in 12].
Proofs of the basic results
Proof of proposition 2.1. Assume that x 2 S , = (Z 0 ; Z 1 ; : : : ; Z l?1 ). There exists a sequence fx n g n2Z N such that x 0 = x and f l (x n ) = x n+1 for each n 2 Z. De ne a sequence fx 0 n g n2Z as follows. Notice that g Z (p) = g (p) = p. Therefore, both g Z and g induce maps of the pointed space (Y; p) into itself, which will be denoted g Z and g , respectively. Put A = g ?1 (fpg). Clearly, A is a compact neighborhood of p and g Z (A) = g (A) = fpg for all Z 2 and 2 l . De nition 4.1 An object (V ; ' ) in (V G ) m = V Gm is called of nite type if there exists an object ( V ; ' ) in V Gm , isomorphic to (V ; ' ) and such that V is of nite type and ' is an isomorphism. In this case, the Lefschetz number of (V ; ' ) denoted by (V ; ' ) is de ned as the ordinary Lefschetz number of ' . By proposition 1.1,2 , it is independent of the choice of ( V ; ' ). An isomorphism class I of objects of V Gm is called of nite type if and only if it has a representative being of nite type or, equivalently, each of its representatives is of nite type. Its Lefschetz number is de ned as the Lefschetz number of any of its representatives and denoted by (I). Proof. Let V n = im (' ) n and ' n be the restriction of ' to V n . By applying proposition 1.1,1 in the standard way (see the proof of lemma 3.1 and theorem 2.1) one proves inductively that (V ; ' ) and (V n ; ' n ) are isomorphic in V Gm . By assumptions, ' n is an isomorphism for n su ciently Proof. Take an object ( V ; ' ) isomorphic to (V ; ' ) and such that V is of nite type and ' is an isomorphism. By proposition 2.2, dim V q = adim( V q ; ' q ) = adim(V q ; ' q ):
Hence (V ; ' ) = (?1) r tr( ' r ) 6 = 0. 2
The next lemma will be used in the proof of theorem 2.2. The aim of this section is to prove that the Conley index on ENR's is of nite type in the sense of de nition 4.1. Our de nition of niteness of type is more restrictive than that in 9], since it requires not only the niteness of type of the Leray reduction, but also some kind of niteness of the reducing process. This property of the Conley index will be important in the proof of the part of theorem 2.2 concerning the existence of periodic points. The main tool in the proof is the following lemma.
Lemma 5.1 Let S be an isolated invariant set with respect to a continuous map f : R n ! R n . There exists a polyhedral index pair for S. Notice that f(Q 0 )\Q 1 F (P 0 )\N . Since the set on the right-hand side is =d-regular and contained in P 0 by (5.1), it is contained in Q 0 . It remains to prove that Q 0 is an exit set for Q 1 . Take x 2 Q 1 n Q 0 . Let A be the smallest (with respect to inclusion) set in A( =d) for which x 2 A. Then A P 1 . Since x 6 2 Q 0 , there exists an x 0 2 A such that x 0 6 2 P 0 . By the de nition of
Since the set on the right-hand side is =d-regular and contained in P 1 by (5.1), it is contained in Q 1 . The proof is nished. 2
The next lemma concerns the niteness of type of the Conley index and the relationship between the Conley index and xed point index.
Lemma 5.2 Let X be an ENR and S X an isolated invariant set with respect to a continuous map f : X ! X. Then We sum up that (h (S; f; X)) = ind(f; int(N)). Let us proceed to the proof of the part concerning periodic points now.
Take a periodic sequence = ( j ) 1 j=0 2 + with principal period m. Under the additional hypothesis, (V ; ' 1 ) is of nite type (by lemma 5.2) and adim(V q ; ' q 1 ) = 0 for all q 6 = r. Lemma 4.2 and (6.4) imply that, for n large enough and de ned by (6.2) and (6.3), (h (S ; f ms ; X)) 6 = 0: By lemma 5.2, f ms has a xed point in S . Clearly, this point is an mperiodic point of f s . The commutativity of (2.2) implies that its principal period (with respect to f s ) is equal to m. 2
